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Exchanging identical particles & topological quantum computing
S.J. van Enk
Department of Physics and Oregon Center for Optical,
Molecular & Quantum Sciences
University of Oregon, Eugene, OR 97403
The phase factor (−1)2s that features in the exchange symmetry for identical spin-s fermions or
bosons is not simply and automatically equal to the phase factor one can observe in an interference
experiment that involves physically exchanging two such particles. The observable phase contains,
in general, single-particle geometric and dynamical phases as well, induced by both spin and spatial
exchange transformations. By extending the analysis to (non-abelian) anyons it is argued that,
similarly, there are single-anyon geometric and dynamical contributions in addition to purely topo-
logical unitary transformations that accompany physical exchanges of anyons. Work remains to be
done in order to demonstrate—if it is still true—that those additional contributions to the gates in
anyonic topological quantum computers do not destroy the inherent robustness of the ideal gates.
This negative result is described most clearly in terms of the Berry matrix.
I. INTRODUCTION
Suppose we have a properly (anti-)symmetrized state
of two identical fermions/bosons of the form
|Ψ〉1,2 = (2)
−1/2
[
|α〉1 |β〉2 + (−1)
2s |β〉1 |α〉2
]
(1)
where |α〉 and |β〉 are orthogonal single-particle states
and s denotes the spin of each particle. The “exchange
symmetry” possessed by the state |Ψ〉 of Eq. (1) is ex-
pressed by the mathematical identity
|Ψ〉2,1 = (−1)
2s |Ψ〉1,2 . (2)
Many textbooks describe the content of the symmetry
(2) by the statement that when the two particles are ex-
changed, their state acquires a phase factor (−1)2s. Now
it is true that exchanging the two Hilbert space labels
1↔ 2 yields the transformation |Ψ〉1,2 7−→ (−1)
2s |Ψ〉1,2.
Exchanging labels, however, is a mathematical operation,
not a physical one. It may be the case that physically
exchanging the two particles (by actually moving them
around) yields a different transformation, even though
the transformed state still must satisfy (2).
Similarly, in the position representation, changing co-
ordinates by swapping ~r1 and ~r2 (in configuration space
[1]) of a wave function Ψ(~r1, ~r2) is a mathematical opera-
tion and physically swapping two particles does not nec-
essarily simply result in the transformation Ψ(~r1, ~r2) 7−→
Ψ(~r2, ~r1). The importance of distinguishing between the
mathematical and the physical content of exchange sym-
metry was emphasized long ago in, e.g., Ref. [2]. This
distinction is a recurring theme in the current paper. As
we will see, there is more to physically swapping par-
ticles than there is to swapping mathematical labels or
coordinates.
The questions considered here are: What are the possi-
ble observable phase factors the quantum state (1) could
undergo if we apply a physical operation that takes state
|α〉 to |β〉 and vice versa (as opposed to switching labels
1 and 2)? How does such a phase depend on the phys-
ical implementation of this exchange? Discussion of the
answers raises two further questions: What is the status
of the exchange phase of abelian anyons [3]? And how
does this discussion generalize to the much more com-
plicated case of non-abelian anyons? The answers are of
fundamental interest but are of special importance in the
context of anyonic quantum computation [4–6].
The above questions were inspired by a recent pro-
posal [7] to measure the exchange phase for two identical
ions (which could be fermions or bosons, depending on
what isotope is chosen) trapped on opposite sides of a
ring. The ions can be physically swapped by rotating
each ion over an angle π (in the same direction) around
the center of the ring. As in any interference experiment,
what can be measured is a difference between two phases:
one accumulated during the swapping process, the other
accumulated when the particles stay in place. For con-
venience we may assume the latter phase to be equal to
zero. (The idea is that phases accrued while transport-
ing the particles are in practice (much) harder to control
than phases that accrue when the particles are merely
idling.)
In the proposed experiment [7] the ions not only start
off in orthogonal spatial states but remain so during the
entire particle swapping process. That is, they are al-
ways in non-overlapping spatial regions, and so in prin-
ciple (and in practice!) the two ions can be addressed
individually (by using focused laser beams) at all times.
In this sense they remain distinguishable. This condition
of distinguishability is always assumed in the context of
quantum computing where we need the ability to ad-
dress individual qubits and keep track of which one is
which, even if those qubits are all identical particles, and
even if those qubits are encoded in non-local degrees of
freedom. (For different perspectives on the difference be-
tween the concepts “identical” and “indistinguishable,”
see Refs. [8–11].)
We consider the straightforward case of identical
fermions and identical bosons in quite some detail in the
next Section, mostly to motivate and prepare for the dis-
cussion in Section III of abelian and non-abelian anyons.
II. IDENTICAL FERMIONS AND BOSONS
We turn to the questions posed in the Introduction
about two identical particles in the state (1). For sim-
plicity we specialize here to (single-particle) states of the
form
|α〉 = |A〉 |σ〉 ,
|β〉 = |B〉 |τ〉 , (3)
where for each particle we write the spatial state first and
the spin state second. For the spatial states we assume
〈A|B〉 = 0, but for the spin states their overlap | 〈σ|τ〉 |
could be any number between zero and unity (we ignore
the trivial case s = 0 here and assume s ≥ 1/2). Note
that we can perfectly well say that the particle that is in
the spatial state |A〉 has spin state |σ〉 but not that it is
particle ’1’ that has spin state |σ〉. We may thus label
the physical particles by j = A,B, i.e., by their initial
positions, but for this to work at later times we have to
assume the particles will remain distinguishable [12].
Let us focus on Hamiltonian (pure-state) evolution of
the two-particle state. In order to preserve the symmetry
of the state (1) the two-particle Hamiltonian Hˆ1,2 must
be symmetric under an exchange of the labels 1 and 2.
For simplicity we consider the case of two identical parti-
cles that do not interact with each other (this is sufficient,
though not necessary, for our purpose). In that case, the
Hamiltonian must have the form
Hˆ1,2 = Hˆ1 ⊗ 1 2 + 1 1 ⊗ Hˆ2 (4)
with Hˆ an arbitrary single-particle Hamiltonian and 1
the identity operator on the single-particle Hilbert space.
A. Spatial swapping
We first focus on the swapping of spatial states and
ignore effects from swapping the spin states. That is,
in this subsection we simply set |σ〉 = |τ〉, and we as-
sume these spin states to not change during the spatial
swapping process.
Consider a physical operation, starting at time t = 0
and ending at time t = T , that swaps the particles’ spa-
tial states such that the particles remain in orthogonal
spatial states during the whole process. One way to ac-
complish this is to use a Hamiltonian that has no spatial
dependence (and so does not distinguish between par-
ticles j = A,B). For a simple example, let us model
the above-mentioned two ions trapped in a ring by two
particles moving around a circle in the x, y plane whose
position is indicated by the polar angle φ (i.e., just one
spatial degree of freedom; this is, once again, sufficient
for our purpose here). We could use a time-dependent
Hamiltonian of the form
Hˆ1,2(t) = φ˙(t)Lˆ
(1)
z ⊗ 1 2 + (1↔ 2), (5)
with φ(t) an arbitrary differentiable function of time with
φ(0) = 0 and φ(T ) = π, and with Lˆz the operator for
the single-particle orbital angular momentum w.r.t. the
center of the circle. Since the two particles do not interact
with each other, it suffices to consider the single-particle
evolution
|A〉 7→ |A(t)〉 :=
∑
m
〈m|A〉 exp(−imφ(t)) |m〉 , (6)
in terms of the eigenstates |m〉 of Lˆz with m ∈ ZZ (and
similarly for |B(t)〉). The requirement that the state |A〉
transform into |B〉 at time t = T implies
|B〉 = |A(T )〉 =
∑
m
〈m|A〉 exp(−imπ)) |m〉 . (7)
As a consequence we have
|B(T )〉 =
∑
m
〈m|A〉 exp(−2imπ)) |m〉 = |A〉 . (8)
The requirement that |A(t)〉 be orthogonal (at all times)
to |B(t)〉 is fulfilled when it is true at time t = 0, i.e.,
when ∑
m
| 〈m|A〉 |2 exp(imπ) = 0. (9)
The single-particle unitary transformation [13]
Uˆ = exp
(
−i
∫ T
0
dtHˆ(t)/h¯
)
= exp(−iπLˆz/h¯) (10)
thus has the simple properties
Uˆ |A〉 = |B〉 ,
Uˆ |B〉 = |A〉 . (11)
This implies that we obtain the transformation
|Ψ〉1,2 7−→ Uˆ1 ⊗ Uˆ2 |Ψ〉1,2 = (−1)
2s |Ψ〉1,2 (12)
for the two-particle state, seemingly confirming the idea
that no matter how we physically exchange the two par-
ticles, we get a phase factor (−1)2s.
The reason for this apparent confirmation, however, is
that a rotation of the coordinate system over an angle
θ around the z axis can be mathematically implemented
by using the same unitary operator exp(iθLˆz) we used
here to represent the physical swapping operation. The
physical particle swapping operation here thus happens
to correspond to the mathematical operation of swapping
coordinates or swapping labels.
However, we can add an extra term to the Hamiltonian
(5) of the form
Hˆextra1,2 = h¯ϕ˙(t)1 1 ⊗ 1 2 (13)
with ϕ(t) an arbitrary differentiable function of time.
We can, in addition, assume this Hamiltonian to be
nonzero only during the swapping process, and, more-
over, that it affects only the swapping process (i.e., it
is absent when the particles idle [14]). The particles
will still be physically swapped but the two-particle state
will accumulate an additional dynamical phase equal to
ϕspatial := ϕ(0) − ϕ(T ). That is, we find instead of (12)
the transformation
|Ψ〉1,2 7−→ exp [iϕspatial] (−1)
2s |Ψ〉1,2 . (14)
And so the presence of this dynamical phase (of which the
authors of [7] are well aware) already implies that an ac-
tual measurable phase difference arising from physically
exchanging two particles does not simply and automati-
cally equal the exchange phase (−1)2s.
For future reference, we may also say that the family
of operators exp(iθLˆz) (for different values of θ) form a
unitary representation of the 1D rotation group in the
2D plane [a mathematical property], but that these oper-
ators are not the only unitary operators that implement
a physical rotation. There are more rigid restrictions on
mathematical coordinate transformations than there are
on physical operations.
B. Spin swapping
More interesting possibilities open up (namely, geo-
metric phases) when we include the spin degrees of free-
dom. In this subsection we assume 〈σ|τ〉 6= 0, and so in
order to swap states |α〉 ↔ |β〉, we have to exchange the
spin states of the particles as well. We can still use the
same Hamiltonian (5) for implementing the swap opera-
tion of the spatial degrees of freedom, and we just have
to add a term that acts on the spin degrees of freedom
to implement a spin swap. We use the same generic form
(4) for the two-particle Hamiltonian, where now Hˆ acts
on both spatial and spin degrees of freedom of a single
particle. Hˆ can be different for a particle in state |A(t)〉
than it is for a particle in state |B(t)〉 (recall these are
orthogonal states for all t). For example, we can choose
a single-particle time-dependent Hamiltonian of the form
Hˆ = ΠˆA(t)HˆA(t) + ΠˆB(t)HˆB(t) (15)
with HˆA(t) and HˆB(t) acting exclusively on the spin de-
gree of freedom, and with projectors ΠˆA,B(t) defined as
ΠˆA(t) = |A(t)〉〈A(t)|,
ΠˆB(t) = |B(t)〉〈B(t)|. (16)
We may thus introduce two different and independent
(single-particle) unitary operators VˆA, VˆB acting on the
spin degree of freedom, which are generated by the dif-
ferent Hamiltonians HˆA and HˆB , respectively, such that
VˆA |σ〉 = exp(iϕA) |τ〉 ,
VˆB |τ〉 = exp(iϕB) |σ〉 , (17)
with arbitrary phases ϕA,B. Substituting relations (3),
(14) and (17) into the transformation of the initial state
(1) yields
|Ψ〉1,2 7−→ exp(i(2sπ + ϕspatial + ϕspin)) |Ψ〉1,2 . (18)
The total phase acquired in this process is written as a
sum of three terms. Apart from the exchange phase 2sπ
and the spatial dynamical phase we mentioned in the
previous subsection, we also have a phase
ϕspin = ϕA + ϕB , (19)
resulting from the combined effect of the two unitary spin
transformations VˆA,B
VˆBVˆA |σ〉 = exp(i(ϕA + ϕB)) |σ〉
VˆAVˆB |τ〉 = exp(i(ϕA + ϕB)) |τ〉 . (20)
This equation shows that the phase ϕspin can be inter-
preted as pertaining to single-particle trajectories around
a closed loop in state space, the traditional setting for
defining dynamical and geometric phases [15]. [The dy-
namical phase depends on how fast the system traverses
the loop, the geometric phase depends only on the shape
of the loop.] The spin phase in general contains both
types of phase, and its value depends on how the two
unitary spin operations are implemented. One way is
to choose VˆA = Vˆ
†
B such that the total spin-dependent
phase automatically vanishes, ϕspin = 0. In that case,
the total phase acquired in the particle-swapping process
would equal the exchange phase if the spatial dynamical
phase can be eliminated, and so the exchange phase 2sπ
would indeed be directly observable in an interference
experiment, just as envisioned in Ref. [7].
On the other hand, if we would rotate both spins in the
same way, i.e., such that VˆA = VˆB, then a full rotation of
the spin around a fixed axis (applying to the case where
|σ〉 would be spin “up” along a certain direction orthog-
onal to the rotation axis and |τ〉 spin “down” along that
same direction) would produce a geometric phase equal
to 2sπ, thus equaling (and hence canceling) the exchange
phase. In this case, there would be no observable differ-
ence between physically exchanging fermions or bosons!
The fact that the geometric phase for a full spin rota-
tion equals the exchange phase, was used in Ref. [16] in
an attempt to explain the spin-statistics theorem. Here,
though, we see that the two phases are conceptually dif-
ferent and that they both contribute independently to an
observable phase difference.
C. Summary
To summarize this Section, note the following prop-
erty of the three terms appearing in the transformation
(18). The spatial and spin phases are determined by the
Hamiltonian evolution of the particles and each can take
on any value, but the exchange phase 2sπ is fixed for—or
intrinsic to—pairs of identical spin-s particles.
The fundamental difference between the intrinsic ex-
change phase and the extrinsic geometric and dynami-
cal phases can be best formulated as follows. Consider
a quantum state of two identical spin-s particles, |Ψ〉.
In the coordinate-spin representation this state may be
written as
Ψ(~r1, σ1;~r2, σ2) := 〈~r1, σ1;~r2, σ2|Ψ〉 . (21)
But the representation in terms of coordinates and spins
labeled ’1’ and ’2’ is redundant when the particles are
identical [1, 2]. This redundancy in the representation is
expressed as
〈~r1, σ1;~r2, σ2| = (−1)
s 〈~r2, σ2;~r1, σ1| , (22)
and from this the usual expression of exchange symme-
try (2) follows directly. That is, the same state |Ψ〉 can
be represented in two different but closely related (and,
of course, equivalent) ways. If we change the representa-
tion once more by swapping labels again, we necessarily
return to the same representation.
In contrast, consider a change in the physical state by
letting it evolve under some unitary evolution,
|Ψ〉 7−→ Uˆ |Ψ〉 . (23)
This physical evolution gives rise to dynamical and ge-
ometric phase shifts. Physically swapping particles one
way, and then swapping them back in another way, does
not necessarily return the system to exactly the same
state.
So, there is certainly a fundamental difference between
the exchange phase and the geometric and dynamical
phases. Because of the presence of the latter phases,
the measurable phase accompanying a physical exchange
operation does not automatically equal the intrinsic ex-
change phase.
III. ANYONS
A brilliant proposal for quantum computing is based
on anyons [4, 5]. Anyons are quasi particles, emerging in
certain 2D models embedded in our 3D world, describing
electrons confined to move in a plane. Abelian anyons be-
have very much like particles with an intrinsic exchange
phase not equal to an integer multiple of π. Non-abelian
anyons undergo more complicated (non-commuting) uni-
tary transformations when they are exchanged and this
allows nontrivial operations on anyons to be performed
by merely moving them around each other. Let us look
at this in more detail.
A. Abelian anyons
A simple model for an abelian anyon was proposed
in [3]: a composite ”particle” moving in the x, y plane
consisting of a magnetic flux Φ (with the magnetic field
pointing in the z direction) plus a charged particle, with
charge q. This composite particle has the property that
rotating it around its own axis gives rise to a nontrivial
phase factor, equal to exp(iqΦ/h¯) due to the Aharonov-
Bohm effect. Similarly, two such identical composite
“particles” circling around each other exactly once both
acquire half that phase, so that their joint two-particle
state acquires the same phase qΦ/h¯. This is a topological
phase (as opposed to geometric and dynamical phases)
as it does not depend on how (by which path) the anyons
encircle each other (once), nor on how fast they do so.
The Aharonov-Bohm phase, of course, is not the only
phase acquired by a charged particle: in fact that phase
is simply an add-on to the dynamical evolution the par-
ticle would undergo if the vector potential ~A were zero
everywhere. What is measured in an Aharonov-Bohm
experiment is, indeed, a shift between two interference
patterns, one observed when ~A = 0, the second observed
in a fixed nonzero ~A field.
Consider now the following “error”: some small area
in the x, y plane (let’s call it S) with a small nonzero ex-
ternal magnetic field. Now the phase a single anyon ac-
quires depends on how many times its path goes around
S. That dependence is still purely topological in na-
ture. However, the phase also depends on whether the
anyon passes through S. If it does, the total magnetic
flux through the area enclosed by the anyon’s path in-
cludes a finite fraction of the magnetic flux through S.
This introduces a very weak geometric (non-topological)
dependence. Since that geometric addition to the total
phase is acquired only for a very small fraction of paths—
only those that cut through S— we may to an extremely
good approximation consider the total phase acquired
by an anyon to be purely topological in character. That
is, for almost all paths, the total phase is invariant un-
der small continuous deformations of the path. In other
words, the Aharonov-Bohm effect is robust against any
local perturbation.
Next consider the case where there is a small magnetic
field (which may be spatially varying) everywhere, i.e.,
in the whole x, y plane. The phase an anyon acquires
consists of two parts now, one purely topological having
to do with how many times it encircled other anyons,
the second part is purely geometric, depending on the
external magnetic flux through the area enclosed by its
path. Since the latter geometric contribution is no longer
necessarily small, the Aharonov-Bohm effect is not robust
against local perturbations everywhere.
The topological phase the simple model anyons acquire
when we move them around each other (exactly once) is
very similar in character to the exchange phase 2πs in-
trinsic to identical fermions/bosons, in the sense that its
value is fixed by the property of the anyons themselves
(the magnetic flux and the charge they carry). How-
ever, just as for identical fermions/bosons, physically ex-
changing two anyons in a realistic situation produces an
observable phase shift that includes, in general, nonzero
dynamical and geometric phases.
B. Non-abelian anyons
When two non-abelian anyons are swapped their joint
state acquires more than just a phase shift. In fact, if
there is a D-dimensional subspace of degenerate states
(with the same or very nearly the same energy) available
to a set of anyons, a unitary transformation Uˆ ∈ U(D)
accompanies the physical exchange of two (or more) such
anyons. Topological quantum computing relies on the
inherent robustness of the topological part of Uˆ . The
crucial question is, are there additional nontrivial (that
is, not just an overall phase factor) non-topological con-
tributions to this Uˆ that are, therefore, not inherently
robust? There are two ways of describing the transfor-
mations of anyonic states: one in terms of unitary rep-
resentations of the braiding group—a description inher-
ently topological, but not complete—the other in terms
of a higher-dimensional (non-abelian) generalization of
the Berry phase.
1. Unitary representations of the braid group
The most elegant explanation, topological in nature,
of how anyonic quantum computing works, is in terms of
the braid group. The motion of 2 particles in a 2D plane
in time can be represented by braids: 2 lines connecting
two points in the plane at the initial time to two points
in the plane at the final time. The state space of iden-
tical anyons carries a unitary representation of the braid
group. That is, one can assign a unitary transformation
Bˆk ∈ U(D) to each element Bk of the braid group such
that BˆlBˆm = Bˆk whenever BlBm = Bk. Moreover, as
it turns out, one can choose a set {Bˆk} of such unitary
transformations that forms a set of gate operations that
is universal for quantum computation. Different braids
only differ in topological properties, and hence this set
{Bˆk} is purely topological in nature.
However, all this does not imply that the unitary state
transformation Vˆk that results from a particular way
of physically braiding two anyons, with the braid rep-
resented mathematically by Bk, necessarily equals the
corresponding unitary Bˆk. There are three reasons (not
quite independent) for this: (1) the operator Bˆk describes
a mathematical transformation, not the complete phys-
ical transformation (as we will see in more detail in the
next subsection and echoing the conclusion arrived at in
Section II), (2) quantum mechanical evolution allows for
an additional phase factor, (3) the unitary representation
is not unique.
Concerning the third reason, note the following. Given
unitary operators {Bˆk}, the operators {Vˆ
†BˆkVˆ } for a
fixed unitary operator Vˆ form a unitary representation
of the braiding group, too. Now, if we would actually
implement the transformation Vˆ †BˆkVˆ with the same Vˆ
appearing for all possible braiding operations, then this
would merely amount to a trivial basis change. However,
since the anyons must be distinguishable (in the context
of quantum computing) and since the Hamiltonian of the
actual system may vary over time, it may well be that for
a given physical braiding operation involving a particular
pair of anyons C and D at some time t, Vˆ depends on
that pair C,D and on t. In particular, it may depend on
the paths along which those two anyons are exchanged at
that particular time. This possibility of nontrivial path
dependence has to be checked in an actual calculation.
Let us see how such a calculation indeed leaves this pos-
sibility open.
2. The Berry matrix
We sketch here the calculation of Ref. [17] concerning
anyons arising in the fractional quantum Hall effect (elec-
trons moving in a 2D plane in the presence of a strong
perpendicular magnetic field with magnitude B. See also
Refs. [18, 19]). Consider (excited) states parametrized by
the positions ~λj (in the x, y plane) of 2n quasi-particles
for j = 1 . . . 2n. In particular, we may define states
{
∣∣∣φa(~λj)〉} for a = 1 . . .D that form an orthonormal
basis of the D-dimensional degenerate subspace of eigen-
states of the Hamiltonian H(~λj) for one particular fixed
energy. (Here, D = 2n − 1 [20].) That is, for each dif-
ferent value of a we have a different state with all quasi
particles at the same positions. The state (but not its
energy) depends on in what way two groups of n quasi
particles are associated with the coordinates of one pair
of electrons [21].
One way to describe topological quantum computing
based on non-abelian anyons is by calculating explicitly
the adiabatic evolution a system undergoes by slowly
changing the control parameters ~λj . One crucial part
of the calculation involves the Berry connection (or the
Berry matrix) [15]
(Ai)ab = i
〈
φa(~λj)
∣∣∣ ∂
∂~λj
∣∣∣φb(~λj)〉 . (24)
We integrate the connection over a closed loop L in pa-
rameter space (the parameter values ~λj all return to their
initial values) to get a unitary evolution operator
UˆL = P exp
[
i
∑
i
∮
L
Ai(~λj) · d~λj
]
, (25)
where the P symbol stands for path ordering, necessary
because A(~λj) and A(~λ
′
i) do not necessarily commute
with each other. As long as the evolution is indeed adia-
batic (an assumption granted here), UˆL does not depend
on how fast the loop in parameter space is traversed.
In Ref.[17] a nice set ofD wavefunctions is found that is
(almost, up to corrections that are exponentially small in
the distances between the quasi particles) orthonormal.
The unitary operator UˆL does depend on the choices of
initial and final basis states. By explicitly including the
unitary basis transformation Bˆ between those two bases,
one finds that the product UˆLBˆ is gauge (basis-choice)
independent. One very convenient choice of bases for ex-
plaining and calculating the physical effects of braiding
the paths of two anyons around each other, and one that
also allows us here to see clearly where undesirable non-
topological contributions may arise, is one where Bˆ is
determined purely by the mathematical properties of the
wave function transformations induced by swapping co-
ordinates (the “monodromy” transformation). The lat-
ter transformations form a unitary representation of the
braid group and do not depend on either dynamical or ge-
ometric features of any path. With this convenient choice
of basis wave functions, it is only the operator UˆL that de-
pends on the path L, but it does so in a very simple and
innocuous way: UˆL is just the overall Aharonov-Bohm
phase factor multiplied by the identity matrix within the
D-dimensional degenerate subspace. (None of this is triv-
ial [17].)
This path independence is remarkable—given the ex-
plicit path dependence of the definition (25)—and relies
on a special feature of the underlying theory. Namely,
the wave functions mentioned above depend only on a
particular combination of the positions ~λj , namely on
ηj = (xj + iyj)/lB but not on η
∗
j = (xj − iyj)/lB with
xj and yj here denoting the x and y coordinates of the
position ~λj and with lB =
√
h¯/eB the magnetic length.
In this way, the calculation of the Berry matrix (up to
the Aharonov-Bohm phase) corresponding to the motion
of one quasi particle moving around the other quasi par-
ticles can be reduced to a line integral along a closed loop
in the complex plane of a holomorphic function. Such an
integral depends only on poles of the holomorphic func-
tion enclosed by that loop. Hence the purely topological
nature of UˆLBˆ.
The reason for this very nice property is that the base
theory starts with an idealized situation of a perfectly ho-
mogeneous magnetic field in the direction perpendicular
to the x, y plane, and non-interacting electrons confined
to move in that plane. Landau’s description of that sit-
uation [22] is most elegantly given in terms of a bosonic
annihilation operator aˆ that contains a derivative w.r.t.
the coordinate z∗ = x − iy. Ground states are then de-
scribed by wave functions Ψ such that aˆΨ = 0. That
equation gives rise to infinitely many solutions [23]: any
holomorphic function f(z) of z = x + iy multiplied by a
Gaussian factor exp(−|z|2/(4l2B)) works. It’s the latter
(non-holomorphic) Gaussian factor that, when integrated
along a closed loop in the complex plane, gives rise to
the only path dependence in the total unitary transfor-
mation, the Aharonov-Bohm phase.
Now, however, consider “errors,” i.e., deviations from
the idealized system. There are two features of an actual
physical system that may ruin the topological robustness
of the physical operator UˆLBˆ, features which, as far as
the author knows, have not been considered previously
in this context (non-adiabaticity has been considered in
Ref. [24] for example, but that is not the issue here.).
First, a base Hamiltonian for the electrons that differs
everywhere from the ideal Hamiltonian [25] may not leave
the wave functions purely holomorphic (aside from the
usual Gaussian factor). For example, if the magnetic
field is almost homogeneous, but not quite, and it has
small nonzero x and y components, and if there are small
stray electric fields everywhere, then there will be small
corrections to the eigen-energy wave functions that may
well be non-holomorphic. For example, a function of (x+
iy)/lB is no longer holomorphic if lB depends nontrivially
on x and y.
Second, possibly of greater concern, the interaction
that allows one to move quasi-particles must constitute a
strong deviation from the base Hamiltonian (and that is
well-known, of course). What has been assumed in cal-
culations like those in Refs. [18, 19] is that the additional
time-dependent Hamiltonian that drives the motion of
the quasi-particles depends only on the parameters ~λj ,
and in fact, only on the combination ζ = xj + iyj. But
errors in that time-dependent Hamiltonian may well de-
pend on one additional parameter (which could be ζ∗,
but it could be any other parameter, say, a local laser in-
tensity, a local magnetic field, a local electric field, etc.,
as well). That one extra parameter (which we may as-
sume to vanish both at the beginning of the adiabatic
process and at the end) changes the loop over which we
integrate in (25) in a drastic way. Namely, by changing
the dimension of the parameter space, the topology of
the class of closed loops is changed, too. (Indeed, anyons
exist only in 2D, not in 3D; for the Berry matrix, the
additional parameter doesn’t have to be the third spatial
coordinate in order for the path dependence of (25) to
become nontrivial.)
Proofs of topological robustness would have to be ex-
tended to include these two types of deviations from the
ideal Hamiltonian [26] [27].
IV. DISCUSSION AND CONCLUSIONS
When two particles are physically exchanged, their
joint state undergoes a unitary transformation that con-
sists of three parts: a dynamical phase, which depends on
how fast the particles are exchanged, a geometric part,
which depends only on geometric features of the paths
taken by the two particles (e.g., the area or the magnetic
flux enclosed by the paths), and a topological part de-
pending only on topological features of the paths (e.g.,
how many times the particles wind around each other).
The latter part is, by definition, invariant under contin-
uous deformations of the paths, and, therefore, tends to
be quantized (e.g., taking on the values ±1 for identical
fermions or bosons moving in 3 spatial dimensions).
Quantum computing with anyons (moving in 2 spatial
dimensions) is based on a beautiful idea, that the topo-
logical part of the unitary transformation can act as a
gate; and that different topological transformations can
form a set of gates that is universal for quantum compu-
tation.
There are two reasons for suspecting the unitary trans-
formation induced by physically braiding anyons not to
be topologically robust, even if the ideal transformation
is. First, when the actual background Hamiltonian dif-
fers from the ideal Hamiltonian everywhere in space, the
integrand appearing in the Berry matrix becomes a func-
tion of more variables than just the intended one, and the
Berry matrix will thus, in general, become path depen-
dent. Second, if the time-dependent Hamiltonian that
causes the anyons to move around each other depends
on more variables than just the positions of the moving
anyons, then, again, the Berry matrix becomes, in gen-
eral, a path-dependent quantity.
Thanks to Michael Raymer for useful comments on var-
ious versions.
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